Effects of curvature upon the vibration characteristics of doubly curved shallow shells are assessed in this paper. Boundary conditions of the shell are generally specified in terms of distributed elastic restraints along the edges. The classical homogeneous boundary supports can be easily simulated by setting the stiffnesses of restraining springs to either zero or infinite. Vibration problems of the shell are solved by a modified Fourier series method that each of the displacements is invariably expressed as a simple trigonometric series which converges uniformly and acceleratedly over the solution domain. All the unknown expansion coefficients are treated equally as a set of independent generalized coordinates and solved using the Rayleigh-Ritz technique. The current method provides a unified solution to the vibration problems of curved shallow shells involving different geometric properties and boundary conditions with no need of modifying the formulations and solution procedures. Extensive tabular and graphical results are presented to show the curvature effects on the natural frequencies of the shell with various boundary conditions.
Introduction
Vibration problems of shell structures have long been of considerable attention by the researchers and engineers because they are widely used in structural, mechanical, and aerospace engineering applications. Leissa [1] wrote a monograph about the vibration of shells and summarized approximately 1000 related publications which had been done before 1973. Earlier investigations also have been reviewed by Qatu [2, 3] and Liew et al. [4] .
Shallow shells can be considered as plates having small curvature in two perpendicular directions. It has three familiar types, spherical (Figure 1(a) ), circular cylindrical ( Figure 1(b) ), and hyperbolic paraboloidal (Figure 1(c) ) when the Gaussian curvature (1/ ) is positive, zero, and negative. The first theoretical study on the frequency analysis of shallow cylindrical shells was reported by Palmer [5] . Using cylindrical shell element, Olson and Lindberg [6] studied the vibratory behaviors of a cantilevered curved fan blade. They also investigated the dynamic characteristics of shallow shell structures using the conforming triangular shaped shell elements [7, 8] . Nath [9] determined the natural frequencies of a fully clamped cylindrical shell. Kantorovich's method for reducing the partial differential equations to a set of ordinary differential equations was applied by Petyt and Nath [10] to study the free vibration characteristics of a singly curved rectangular plate. Petyt [11] also collected four theoretical methods for the vibration analysis of a singly curved rectangular plate and compared numerical results with the experimental results [9] . An approximate solution for the vibration analysis of open shallow cylindrical shells was presented by Elishakoff and Wiener [12] . The doubly curved right helicoidal shell elements were used by Walker [13] to investigate curved twisted fan blades. Although the finite element method has been widely used in solving various shell vibration problems, it is sometimes less desired as compared with an analytical solution because the parameters of concern are all digitized and their significance can be easily lost in the numerical or discretization process. From practical point of view, when a shell is elastically restrained, the springs will have to be manually created in a finite element model, which can easily become an overwhelming task, especially when spring rates vary along an edge. This concern will become more remarked when a stochastic process or field will have to be taken into account. The Ritz method with algebraic polynomial trial functions was used by Leissa and his coworkers [15, 18, 19] to study the vibration characteristics of different types of shallow shells with various boundary conditions. Narita and Leissa [20] studied the vibration of corner point supported shallow shells. Lee et al. [21] compared the shallow and deep shell theories using cantilevered circular cylindrical shells with rectangular planform. In [15, [18] [19] [20] [21] , the boundary conditions had been imposed explicitly because the built-in basic function to satisfy the kinematic shell boundaries was not specified. Qatu and Leissa [16, [22] [23] [24] also used the Ritz method based on algebraic polynomial displacement functions to investigate the effects of edge constraints on the vibrations of shallow shells.
A numerical approximation with -2 functions was employed by Liew and Lim [14, 17, [25] [26] [27] ] to solve vibratory behaviors of shallow shells with different complicating factors. The limits of the shallow shell theory were investigated by Liew et al. [28] using the -Ritz method. It was determined that the shallow shell theory was accurate enough if the subtended angle of a shell is no more than 40 ∘ . Recently, the spline finite strip method [29] and differential quadrature method (DQM) [30] were used to study the vibrations of circular curved panels.
Although vibration problems of shallow shells have been extensively studied for many years, most of the existing investigations are specifically dealt with shells having particular type and classical boundary conditions, while curvature effects on the vibration characteristics of doubly curved shallow shells with general elastic boundary supports have received little attention. Vlasov [31] pointed out that shells having negative Gaussian curvature will have the lowest frequencies, but he made no further study of this problem. For a shell that has a rectangular planform supported by shear diaphragms [32] , it is shown that the frequencies of all modes became larger with positively increasing values of / , whereas negatively changing values of / cause first decreasing, then increasing frequencies. The primary objective of the present work is to assess the effects of curvature upon the natural frequencies of shallow shells with arbitrary elastic boundary conditions. For this purpose, four types of uniformly distributed elastic springs are specified along each edge to realize various boundary conditions. It represents a situation which will be much more practical in engineering applications. A modified Fourier series method in which all the displacements are expressed in the form of trigonometric functions is used in this investigation. Since the trigonometric functions are sufficient completeness and smoothness in the solution domain, Rayleigh-Ritz method is employed here instead of solving the series coefficients which simultaneously satisfy both the governing differential equations and boundary conditions. Extensive tabular and graphical results are presented to show the effects of curvature upon the natural frequencies of shallow shells with different boundary conditions. The changing trends of the frequencies varying with the curvatures are explained in detail.
Theoretical Formulations
A doubly curved shell on rectangular planform with uniform thickness ℎ is illustrated in Figure 2 . The shell is described in a curvilinear coordinate system and considered shallow for its small rise compared to the minimum radii of curvature. The curvilinear lengths of edges are denoted as and while and are the lengths of planform. and are constant principal radii of curvature in and direction, respectively. Boundary conditions of the shallow shell are specified as general elastic restraints which are described in terms of flexural, longitudinal, tangential, and rotational springs of arbitrary stiffnesses. For simplicity, it is assumed that the restraining springs have uniform stiffness distributions along each edge. All the classic homogeneous boundary conditions can be obtained by setting the stiffness coefficients equal to either zero or infinity. Other more complex boundary conditions, such as partial and nonuniform elastic supports, can be readily dealt with [33] .
Vibration of the doubly curved shallow shell is considered three-dimensional: ( , ), V( , ), and ( , ), respectively, denotes the displacement at a given point on the middle Shock and Vibration 3 surface of the shell in , , and directions. The strain-displacement relationships for thin shells which are based on Love's first approximation assumptions are adopted in the present study. Strain components in an arbitrary point on the shell are defined by the relations
where is the distance of the shell from the middle surface,
are the middle surface strain-displacement relationships, and
are the changes in the curvature and torsion of the middle surface. Neglecting , the strain potential energy of the deformed shallow shell is given as
where
= T E, and the material constitutive matrix E of the shell is
where and are Young's modulus and Poisson ratio of the shell material, respectively. Combining (1)-(6), one can obtain
where (ℎ 4 ) is a higher-order in ℎ and can be neglected here and = ℎ 3 /[12(1− 2 )] and = ℎ/(1− 2 ) are the bending rigidity and extensional rigidity of the shell, respectively. Equation (7) includes three terms which can be interpreted as bending energy, membrane energy, and coupling energy.
The potential energies stored in the boundary springs can be written as
The definitions for all the boundary springs are given in the Nomenclature.
The total kinetic energy of the doubly curved shallow shell, by neglecting rotary inertia, is given as
where is the mass density of the shell. The displacements of a doubly curved shallow shell can be expressed as [34] ( , ) = where , , , , and , denote the unknown trigonometric series coefficients to be determined and the basis functions are defined as
where = / and = / . Since trigonometric series are "invariants" under differential and integral operations, the current displacement expressions are much more attractive. It can be mathematically proven that the trigonometric series expansions, (10)- (12) , are better suited for expanding a sufficiently smooth function defined over a compact interval, respectively, and converge uniformly over the solution domain. As a matter of fact, (10) is able to expand to any function ( , ) ∈ 3 for ∀( , ) ∈ :
). So the current displacement solutions are simply those elements in the vector space which simultaneously satisfy both the governing differential equations and the boundary conditions on a point-wise basis. It can be seen that the inplane displacements ( , ) and V( , ) have less sine terms than the out-of-plane displacement ( , ) because they are only required to have 1 continuity over the shell. The Lagrangian for the doubly curved shallow shell can be generally expressed as
where is the total potential energy of the shell. Substituting (7)- (9) into (14) and minimizing Lagrangian with respect to all the unknown series coefficients, one can obtain a system of linear algebraic equations in matrix form
where A is a vector that contains all the unknown series expansion coefficients and is defined as
and are truncation numbers of the trigonometric expansion series. K and M stand for the stiffness and mass matrices, respectively. The detailed expressions for these matrices are given in the Appendix.
By solving a standard matrix eigenvalue problem, modal properties of the doubly curved shallow shell can be readily and directly determined. Since each of the eigenvectors actually contains the trigonometric series coefficients, the corresponding physical mode shape of the shell can be simply obtained by using the displacement expressions, (10)- (12) . It should be pointed out that although this paper is focused on the free vibration of doubly curved shallow shells, its response to an applied load can be easily calculated by including the work done by this load in the Lagrangian, eventually leading to a force term on the right side of (15) . Once the primary solution variables, displacements, are determined over the shell, other dynamic variables of interest can be readily calculated by directly apply appropriate mathematical operations to the displacement functions.
Results and Discussions
Accuracy and convergence of the current method will be demonstrated in this section by numerical results firstly. Consider a doubly curved shallow shell with fully clamped along four edges (C-C-C-C). The clamped edge can be regarded as a special case when the stiffnesses for all the boundary restraining springs become infinitely large (which is actually represented by a very lager number, 2.0 × 10 12 , in the numerical calculations). The first six nondimensional frequency parameters, Ω = √ ℎ/ , which are determined using different numbers of expansion terms and are listed in Table 1 with the following geometric parameters:
Shock and Vibration [14] . Since it can be seen that the current results converge rapidly with a small number of expansion terms and have great numerical stability, the displacement series expansions will be truncated to = = 12 in all the following calculations. The corresponding mode shapes are plotted in Figure 3 . It is shown that the in-plane two directional displacements are coupled together at any field point. The solution times between the current method and finite element method are also compared in Table 1 . Due to the models that are both small, the time given in Table 1 is not conclusive regarding which method is more effective computationally. However, the effectiveness of the current method over the FEA has been adequately demonstrated in a previous support [35] in which the modified Fourier series method is shown to cut computing time by two orders of magnitude as compared with the FEM model used to simulate a box-like structure in frequency response analysis.
Next example concerns completely free (F-F-F-F) shallow shells having square and rectangular planform. The completely free boundary condition represents a classical, but quite challenging, case for testing a shell solution. Under the current framework, the free edge condition is easily realized by setting all the stiffness constants to zero. Eight frequency parameters, Ω = 2 √ ℎ/ , are listed in Table 2 for different curvature ratios (where S or A is used to indicate that a vibration mode is symmetric (S) or antisymmetric (A) with respect to the -or -axis). Two sets of reference results are also given there for comparison, and these three sets of solutions agree well with each other.
To further validate the accuracy and reliability of the proposed analytical method, Table 3 shows frequency parameters Ω = 2 √ ℎ/ for a few more classical cases (F-F-F-F, C-F-F-F, C-C-F-F, C-F-C-F, C-C-C-F and C-C-C-C). The reference results from [16] and FEM models are also given there for comparison. Traditionally, the displacement expressions and the subsequent solution algorithms and implementations are dictated by the intended boundary condition. Consequently, most studies are specifically related to a particular type of boundary conditions. In the above examples, it has been demonstrated that the proposed analytical method can be universally applied to different boundary conditions with no need of making any algorithm or procedural modifications; the modifying boundary conditions are as simple as changing shell parameters such as geometrical and material properties. Consider the simply supported case (SSSS) for example. It can be produced easily by letting the stiffnesses of the three linear springs be infinitely large and the stiffness of the rotational spring zero. Similarly, singly curved shells can be considered as special cases when one of curvatures becomes zero, as illustrated in Table 4 for various boundary conditions. All the examples considered thus far have been limited to the classical boundary conditions which are viewed as the special cases of elastically restrained edges. We now turn to elastically restrained shells. The stiffnesses of the linear and rotational restraints are set equal to = 10 6 and = 10 7 , respectively. The first eight frequency parameters Ω = 2 √ ℎ/ are listed in Table 5 with the following geometric parameters: / = 1, / = 10, / = 1, /ℎ = 200, and = 0.3. The corresponding mode shapes are plotted in Figure 4 . It can be seen from Figure 4 that these lower order modes exhibit complicated spatial patterns. Moreover, the inplane patterns tend to be more local and are typically more complicated than their out-of-plane counterpart. Through those modes, one can easily understand the "unpredictable" behaviors of a doubly curved shallow shell and the effects of curvatures and boundary conditions.
Effects of curvature on the vibration characteristics of shallow shells are studied in this section. It is assumed that the geometric parameters of the shell are / = 1 and /ℎ = 100 and Poisson's ratio = 0.3 in the following calculations. Tables 6, 7 , 8, 9, and 10 show the first frequency parameters Ω of shallow shells having different -direction curvature (1/ ) and -direction curvature (1/ ) with C-C-C-C, C-C-C-F, C-F-C-F, C-F-F-F, and F-F-F-F boundary conditions. The free edge condition (F) is easily simulated by setting the stiffnesses for the boundary restraining springs to zero.
Figures 5(a)-5(e) show the changes in the frequency parameters Ω = √ ℎ/ for the first modes of shallow shells with five different boundary conditions, which are listed in Tables 6-10 , as the curvature ratio / is varied from −1 to 1, respectively. The curves are drawn beginning with a flat plate ( / = 0) and changing the -direction curvature. Thus, the change in circular frequency with changing 1/ is observed for fixed , , ℎ, , and ( = ℎ 3 /[12(1 − 2 )]) and fixed ( / = 1) by changing / . It can be seen from Figure 5 (a) that, for a C-C-C-C shell, increasing -direction curvature can causes a considerable increase in the first mode frequency, and giving the shell significant additional -direction curvature, either positive or negative, can cause an increase in the first mode frequency too. It also can be found from Figure 5 (a) that the first mode frequency for the shell of positive Gaussian curvature is greater than that having negative Gaussian curvature with 
/
Mode number Boundary conditions the same absolute value. With increasing the -direction curvature, difference of the first mode frequencies between spherical shell ( / = 1) and hyperbolic paraboloidal shell ( / = −1) becomes more and more large. Figure 5 (a) also shows that the minimum value of the first mode frequency occurs for the shell having slightly negative Gaussian curvature and the point of minima is shifted to the left with decreasing / .
For a C-C-C-F shallow shell, which means that the stiffness constants of the restraining springs at edge = 0 are equal to zero, the first mode frequency increases gradually with increasing the -direction curvature as shown in Figure 5(b) . Frequency of the first mode also increases rapidly through adding the -direction curvature. But the increase trend of the first mode frequency becomes slow when the absolute value of curvature ratio / is comparatively large.
It is more obvious if the Gaussian curvature is positive. The curvature effects on the first mode frequency for the C-F-C-F shell and the C-C-C-F shell are almost the same, which can be seen in Figure 5(c) .
The shapes of curves in Figure 5 (d) are different. Although the first mode frequency of a C-F-F-F shell increases gradually with the increasing of -direction curvature, it decreases if giving the shell significant additional -direction curvature, which is just the opposite of the three boundary conditions mentioned above. Figure 5 (d) also shows that, with / decreasing from 0.5 to 0.1, the difference of the first mode frequencies between spherical shell ( / = 1) and hyperbolic paraboloidal shell ( / = −1) is varied gradually from positive number to negative number. Figure 5 (e) shows the first mode frequency as a function of curvature ratio for an F-F-F-F shell. It can be seen that changing the curvature of a completely free shell does not have much effect on the first mode frequency. The difference between the maximum frequency and minimum frequency is no more than 0.35 Hz. In general, increasing -direction curvature causes a decreasing in the first mode frequency, which is different from the other four boundary conditions. The maximum value of the first mode frequency occurs for the shell having significant positive Gaussian curvature.
It is known that the value of the mode frequency depends on the mode stiffness and mode mass
where , , and denote the th mode frequency, mode stiffness, and mode mass, respectively. The mode frequency can be directly calculated since the mode stiffness and mode mass are the corresponding diagonal elements of the diagonal stiffness matrix and mass matrix of the shell which can be easily obtained through mathematical operations. Differentiating the square of mode frequency 2 with respect to curvature ratio / ,
When (19) is equal to zero, one can obtain
So, one can say that the extremum value of the th mode frequency occurs when / is equal to / . Two examples are given here to verify the conclusion. The first example is one case in Figure 5(a) . The change in the first frequency parameter of a fully clamped shell with / = 0.5 is shown in Figure 6 , as the curvature ratio / is varied from −0.3 to 0.1. The first mode frequency of the shell gets its minimal (minimum value of the discrete data) when the curvature ratio / is equal to −0.12, and the frequency increases with either increasing or decreasing the -direction curvature. The changes in 1 / 1 and 1 / 1 of this shell are shown in Figure 7 . It can be seen that these two curves have an intersection point when curvature ratio / is approximately equal to −0.12. The error is caused by numerical computation.
The second example is one case in Figure 5 (e). The change in the first frequency parameter of an F-F-F-F shell with / = 0.5 is shown in Figure 8 , as the curvature ratio / is varied from 0.3 to 0.5. The first mode frequency of the shell gets its maximal when the curvature ratio / is equal to 0.36, and the frequency decreases with either increasing or decreasing the -direction curvature. The 1 / 1 and intersection point of these two curves is approximately equal to 0.36.
Conclusions
The primary purpose of the current work is to assess the effects of curvature on the natural frequencies for the shallow shells with elastic edge restraints. Each of the displacement fields is generally expressed as a modified Fourier series function. The sine function is used to remove the potential discontinuities in related spatial partially differentials. Although the current solution is sought in a weak form by using the Rayleigh-Ritz method, it is mathematically equivalent to the strong from through solving the governing equations and the boundary conditions because the displacement functions represented by the series expansions are adequately smooth throughout the entire solution domain. The effectiveness of current method is verified through the comparison of numerical results. The first mode frequencies of shallow shells with various -direction and -direction curvature under five kinds of boundary conditions are calculated. The results show that increasing -direction curvature causes a considerable increase in the first mode frequency for the shell at least having one clamped edge while the other edges are free; increasing -direction curvature causes a decrease in the first mode frequency of a completely free shell when / is greater than 0.2; giving significant -direction curvature, either positive or negative, can cause an increase in the first mode frequency for the shell at least having two clamped edges while the other edges are free, which is just the opposite for a cantilever shell; the minimum value of the first mode frequency occurs for a completely clamped shell with negative Gaussian curvature and the maximal value of the first mode frequency occurs of a completely free shell with positive Gaussian curvature.
Appendix

Matrix Definitions
The stiffness matrix in (15) can be expressed as
where K be , K in , K co , and K sp are stiffness matrix of the shell corresponding to the bending energy, the membrane energy, the coupling energy between out-of-plane and inplane motions, and potential energy stored in the boundary restraining springs Frequency in radian.
